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Solution



Solution 1 (10 points)Let P and P ′ be safety properties. Prove that BadPref (P ) ∩ BadPref (P ′) = BadPref (P ∪ P ′).Solution:
σ̂ ∈ BadPref (P ) ∩ BadPref (P ′) ⇐⇒ P ∩

{

σ′ ∈
(

2AP
)ω

| σ̂ ∈ pref (σ′)
}

= ∅

∧ P ′ ∩
{

σ′ ∈
(

2AP
)ω

| σ̂ ∈ pref (σ′)
}

= ∅

⇐⇒
(

P ∪ P ′
)

∩
{

σ′ ∈
(

2AP
)ω

| σ̂ ∈ pref (σ′)
}

= ∅

⇐⇒ σ̂ ∈ BadPref (P ∪ P ′).
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Solution 2 (5 + 4 + 1 points)Consider the linear-time property P over AP = {a, b}:�(¬a ∧ ¬b) holds in�nitely often and (a ∧ b) never holds andbetween any two ourrenes of (¬a ∧ ¬b), the number of states where b holds is even.�1. Provide an NBA A over 2AP suh that Lω(A) = P .Hint: Parts (b) and () an be solved without a solution for part (a).2. Formally prove or disprove the following statements:� P is a safety property.� P is a liveness property.3. Let A′ be an NBA over 2AP . Then P ′ = Lω(A′) is the linear-time property de�ned by A′.Is it always the ase that there exists an LTL-formula ϕ suh that P ′ = Words(ϕ)?Justify your answer!Solution:1. An NBA A over 2AP with Lω(A) = P is depited below:
q0

q1 q3

q2
¬a∧¬b

b∧¬a

b∧¬a
a∧¬b

(a∧¬b)∨(¬a∧b)

a∧¬b

b∧¬a

¬a∧¬b

a∧¬b¬a∧¬b

2. P an be haraterized by the ω-regular expression E derived as follows:
Lq0,q2

= ({a} + {b})⋆ .∅

Lq2,q2
= ({b}.{a}⋆.{b}.{a}⋆)⋆ .∅

E = Lq0,q2
.Lω

q2,q2
=

(

{a} + {b}
)⋆

.
(

∅.
(

{b}.{a}⋆.{b}.{a}⋆
)⋆

)ω

.We disprove that P is� a safety property: σ = ∅{a}ω ∈
(

2AP
)ω

\ P . Note that for all σ̂ ∈ pref (∅{a}ω) it holds that
σ̂.∅ω ∈ P . Thus no bad pre�x exists for σ and P is not a safety property.� a liveness property: {a, b} /∈ pref (P ). Hene pref (P ) 6=

(

2AP
)⋆.3. No. LTL is stritly less expressive than the lass of ω-regular languages. See Remark 5.43.
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Solution 3 (4 + 4 + 2 points)Let ϕ = (a ∧ ,a)U(a ∧ ¬ , a) be an LTL�formula over AP = {a}.1. Compute all elementary sets with respet to ϕ.2. Construt the GNBA Gϕ aording to the algorithm from the leture suh that Lω(Gϕ) = Words(ϕ).3. Give an ω-regular expression E suh that Lω(Gϕ) = Lω(E).Solution:1. The elementary sets are:
a ,a a ∧ ,a a ∧ ¬ , a ϕ

B1 0 0 0 0 0
B2 0 1 0 0 0
B3 1 0 0 1 1
B4 1 1 1 0 0
B5 1 1 1 0 12. The GNBA Gϕ =

(

Q, 2AP , δ,Q0,F
) is de�ned by:

Q = {B1, B2, B3, B4, B5}

Q0 = {B3, B5}

F = {Fϕ}

Fϕ = {B1, B2, B3, B4}The transition relation δ is given by the followinggraph:
B3 B1

B2

B4

B5

a

a

a

∅
a

∅

∅

∅

a

∅

3. We derive Lω(Gϕ) = Words(ϕ) = {a}+∅
(

2AP
)ω.
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Solution 4 (3 + 4 + 3 points)Compute Sat sfair (Φ) for the CTL-formula Φ and the strong fairness assumption sfair :
Φ = ∃2a

sfair = 23a → 23∃ (¬a)U (∀ , b)where TS over AP = {a, b} is given by:
s0∅ s1

{b}
s2

{b}

s3

{a}

s4

{a, b}

s5

∅Proeed in the following steps:1. Determine Sat (∃ (¬a)U (∀ , b)) (without fairness).2. Determine Sat sfair (∃2 true).3. Determine Sat sfair (Φ).Solution:1. Sat(∃(¬a)U(∀ , b)):Consider the state subformula ∀ , b. Then Sat(∀ , b) = {s5}.Further, Sat(¬a) = {s0, s1, s2, s5}.Using the bakward searh starting in s5 we derive Sat(∃(¬a)U(∀ , b)) = {s0, s1, s2, s5}.Now we relabel states in Sat(a) with a1 and those in Sat(∃(¬a)U(∀ , b)) with b1 to enode thestrong fairness onstraint in the transition system:
s0{b1} s1

{b, b1}
s2

{b, b1}

s3

{a, a1}

s4

{a, b, a1}

s5

{b1}2. Compute Sat sfair (∃2true):� The SCCs of G[true] of TS[true] are:
C1 = {s0, s3} C2 = {s0, s1}

C3 = {s3, s4} C4 = {s2, s5}

C1,2 = {s0, s1, s3} C1,3 = {s0, s3, s4}

C1,2,3 = {s0, s1, s3, s4}Then T = {C1, C2, C1,2, C1,2,3, C4}. Some examples for this:� C3 /∈ T beause C3 ∩ Sat(a) = {s3} but C3 ∩ Sat(∃(¬a)U(∀ , b)) = ∅.5



� C1 ∈ T beause C1 ∩ Sat(a) = {s3} and also C1 ∩ Sat(∃(¬a)U(∀ , b)) = {s0}.Then Sat sfair (∃2true) = {s ∈ S | ReachTS(s) ∩
⋃

T 6= ∅} = S.Extend the labeling aordingly by a fresh atomi proposition afair (omitted here).3. Compute Sat fair (∃2a):� Then G[a] of TS[a] is the graph
s3

{a}

s4

{a, b}Further, there is only one SCC in G[a]: C3 = {s3, s4}. But as C3 /∈ T � C3 satis�es a1in�nitely often, but never b1 � it is not fair. Hene Sat sfair (∃2a) = ∅.
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Solution 5a ((2 + 1) + (3 + 3 + 1) points)Consider the two transition systems TS1 and TS2:
s0

∅

s1

{a}

s2

{b}
s3

{a, b}

TS1:

t0
∅

t4
{a}

t3
{b}

t5
{a, b}

t2

{a}
t1

{a}
TS2:

1. Prove or disprove TS1 ∼ TS2.2. Prove or disprove TS1 ≃ TS2.Solution:1. TS1 6∼ TS2:A distinguishing CTL-formula is ∀2 (a → ∃ , (a ∧ b)).Then TS1 |= Φ and TS2 6|= Φ (beause of t1).2. TS1 ≃ TS2:� TS1 � TS2 with simulation relation R = {(s0, t0), (s1, t4), (s2, t3), (s3, t5)}:
s0

∅

s1

{a}

s2

{b}
s3

{a, b}

TS1:

t0
∅

t4
{a}

t3
{b}

t5
{a, b}

t2

{a}
t1

{a}
TS2:

� TS2 � TS1 with simulation relation R = {(t0, s0), (t1, s1), (t2, s1), (t4, s1), (t3, s2), (t5, s3)}:
t0

∅

t4
{a}

t3
{b}

t5
{a, b}

t2

{a}
t1

{a}
TS2:

s0

∅

s1

{a}

s2

{b}
s3

{a, b}

TS1:

Hene, TS1 � TS2 and TS2 � TS1. Therefore TS1 ≃ TS2.
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Solution 5b (10 points)Let Φ = ∀aU (¬∃2b). Prove or disprove the following statement:There exists an LTL-formula ϕ that is equivalent to Φ.Solution:Let Φ = ∀aU (¬∃2b). Then ϕ = aU¬2b (by Thm. 6.18). We prove that Φ ≡ ϕ:
s |= Φ ⇐⇒ ∀π ∈ Paths(s). ∃k ≥ 0. (π[k] |= ¬∃2b ∧ ∀j < k. π[j] |= a)

⇐⇒ ∀π ∈ Paths(s). ∃k ≥ 0. (π[k] |= ∀3¬b ∧ ∀j < k. π[j] |= a)

⇐⇒ ∀π ∈ Paths(s). ∃k ≥ 0.
(

∀π′ ∈ Paths(π[k]). ∃i ≥ 0. π′[i] |= ¬b ∧ ∀j < k. π[j] |= a
)

⇐⇒ ∀π ∈ Paths(s). ∃k ≥ 0. (π[k] |= 3¬b ∧ ∀j < k. π[j] |= a)

⇐⇒ s |= aU3¬b

⇐⇒ s |= aU¬2b.
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