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Solution 1 (10 points)

Let P and P’ be safety properties. Prove that BadPref(P) N BadPref (P') = BadPref (P U P').
Solution:

& € BadPref (P) 1 BadPref(P') <= P {o" € (247)" | & € pref (o)} =0
AP Ao e (247)7 6 € pref(o))} =
= (PUP)n{d e 2)" |6 cpref(o)} =0
= & € BadPref(P U P').



Solution 2 (544 + 1 points)
Consider the linear-time property P over AP = {a,b}:

“(=a A —b) holds infinitely often and (a A b) never holds and
between any two occurrences of (—a A —b), the number of states where b holds is even.”

1. Provide an NBA A over 24 such that £,(A) = P.
Hint: Parts (b) and (c) can be solved without a solution for part (a).

2. Formally prove or disprove the following statements:

e P is a safety property.

e P is a liveness property.

3. Let A’ be an NBA over 247, Then P’ = L, (A’) is the linear-time property defined by A’.
Is it always the case that there exists an LTL-formula ¢ such that P" = Words(p)?
Justify your answer!

Solution:

1. An NBA A over 24 with £, (A) = P is depicted below:
(@A=b)V(=aAb) —gp—b

2. P can be characterized by the w-regular expression E derived as follows:

Lyo.go = ({a} +{0})".0
Lyy.q = ({0} {a}" {0} {a}")" .0

B = Layas Ly g = ({0} +{01)"(0.({b}-{a}" {b}.{a}")")

We disprove that P is

w

e a safety property: o = 0{a}* € (247)” \ P. Note that for all & € pref (0{a}*) it holds that
6.0¢ € P. Thus no bad prefix exists for o and P is not a safety property.

e a liveness property: {a,b} ¢ pref(P). Hence pref(P) # (2AP)*.

3. No. LTL is strictly less expressive than the class of w-regular languages. See Remark 5.43.



Solution 3

Let ¢ = (a A OQa)U(a A = O a) be an LTL-formula over AP = {a}.

1. Compute all elementary sets with respect to .

(44 4 + 2 points)

2. Construct the GNBA G, according to the algorithm from the lecture such that £,,(G,) = Words(yp).

3. Give an w-regular expression E such that £.,(G,) = L, (F).

Solution:

1. The elementary sets are:

a OQa aNQa anN—-OQa ¢
B0 O 0 0 0
By |0 1 0 0 0
Bs|1 O 0 1 1
Byl1 1 1 0 0
Bs|1 1 1 0 1

2. The GNBA G, = (Q,247,4,Qo, F) is defined by:
Q = {B1, By, B3, By, B5}
Qo = {B3, Bs}
F= {Fso}
F, = {By, Bs, B3, B4}

The transition relation ¢ is given by the following
graph:

3. We derive £,,(G,) = Words(p) = {a} 0 (247)".




Solution 4 (3 4+ 4 + 3 points)

Compute Sat g5 (P) for the CTL-formula ® and the strong fairness assumption sfair:

& = J0a
sfair = 0Ca — 003 (ma) U (VO b)

where T'S over AP = {a, b} is given by:

Proceed in the following steps:
1. Determine Sat (3 (—a) U (V O b)) (without fairness).
2. Determine Sat sfq; (30 true).
3. Determine Sat sfqir (P).

Solution:

L. Sat(3(-a)U(VY O b)):
Consider the state subformula V (O b. Then Sat(¥ O b) = {s5}.

Further, Sat(—a) = {so, s1, 52, S5}-
Using the backward search starting in s5 we derive Sat(3(—a)U(V O b)) = {so, s1, 52, 55}

Now we relabel states in Sat(a) with a; and those in Sat(3(—a)U(V O b)) with by to encode the
strong fairness constraint in the transition system:

(b,b1} {b b}
(3 o)
{a,a1} {a,b,a1} {bl}

2. Compute Satgpr(I0true):

e The SCCs of G|[true] of T'S|true| are:

C1 = {s0,53} Cy = {s0,51}
C3 = {53,584} Cy = {52,585}
Ci2 = {s0,51,53} C1,3 = {s0,53,54}

Ci,2,3 = {50,51, 53,54}

Then T' = {C,Cs,C1 2,C123,Cys}. Some examples for this:
— C3 ¢ T because C3 N Sat(a) = {s3} but C5 N Sat(I(—a)U(V O b)) =



— C1 € T because Cy N Sat(a) = {s3} and also Cy N Sat(I(—a)U(V O b)) = {s0}-

Then Satsfqir (30true) = {s € S | Reachrs(s)NJT # 0} = S.
Extend the labeling accordingly by a fresh atomic proposition af,,, (omitted here).

3. Compute Sat 4 (30a):

e Then Gla] of T'S[a] is the graph

{a} {a, b}

Further, there is only one SCC in Gla]: C3 = {s3,s4}. But as C3 ¢ T — (3 satisfies ay
infinitely often, but never by — it is not fair. Hence Sat g (30a) = 0.



Solution 5a (24 1)+ (3+3+1) points)

Consider the two transition systems 757 and T'Ss:

{0} {a} {a,b}

1. Prove or disprove T'S7 ~ T'S>.
2. Prove or disprove T'S7 ~ T'S5.
Solution:

1. TSl 74 TS2:
A distinguishing CTL-formula is VO (a — 3 O (a A D)).
Then T'S) = ® and TSy = @ (because of t7).

2. TSl ~ TSQZ

e TS5 < T82 with simulation relation R = {( so,to 31,t4 (s2,t3), (s3,15)}

a {a b}

e TSy = TSy with simulation relation R = {(to, so), (t1, s1), (t2, s1), (t, s1), (t3, S2),

Tsz'{aa} @

a {a b}
{b} {a} {a, b}

Hence, T'S1 <X T'Se and T'So < T'Sy. Therefore T'S7 ~ T'S>.



Solution 5b (10 points)

Let ® = VaU (=30b). Prove or disprove the following statement:
There exists an LTL-formula ¢ that is equivalent to ®.

Solution:
Let ® = VaU (=30b). Then ¢ = aU—-0Ob (by Thm. 6.18). We prove that ® = ¢:

sE® < V7 € Paths(s). 3k > 0. (w[k] E -3ObAVY) < k. w[j] | a)
<= Vr € Paths(s). Ik > 0. (n[k] EVO-bAV) < k.7[j] E a)
<= Vr € Paths(s). 3k > 0. (V7' € Paths(x[k]). 3i > 0. 7'[i] |F ~b AVj < k. 7[j] |= a)
<= Vr € Paths(s). Ik > 0. (w]k] = O-bAVj < k. 7[j] Ea)
< s = aUd-b
<~ s aU-0b.



