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Solution



Solution 1 (1 + 4 + 5 points)(a) We start by omputing the losure of ϕ:
closure(ϕ) = {true , false , a,¬a,,a,¬ , a,

(a ∧ ,a),¬(a ∧ ,a), ϕ,¬ϕ }The elementary sets are:
true a ,a a ∧ ,a ϕ

B1 1 0 0 0 1
B2 1 0 1 0 1
B3 1 1 0 0 0
B4 1 1 1 1 0
B5 1 1 1 1 1(b) The GNBA Gϕ =

(
Q, 2AP , δ,Q0,F

) is de�ned by:
Q = {B1, B2, B3, B4, B5}

Q0 = {B1, B2, B5}

F =
{
F(a∧,a)U¬a

}

F(a∧,a)U¬a = {B1, B2, B3, B4}The transition relation δ is given by the followinggraph representation:
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Solution 2 (2 + 4 + 4 points)We onsider the maximal proper state subformulas Sub(Φ):1. Ψ = a: Sat(a) = {s2, s3, s6, s7}2. Ψ = b: Sat(b) = {s0, s2, s4, s6, s7}3. Ψ = ∃2b:The following equivalene is used to ompute Sat(∃2b):
s |=CTL∗ ∃ϕ ⇐⇒ s |=CTL∗ ¬∀¬ϕ ⇐⇒ s 6|=CTL∗ ∀¬ϕ ⇐⇒ s 6|=LTL ¬ϕAording to the LTL semantis, we have SatLTL(¬2b) = SatLTL(3¬b) = {s0, s1, s2, s3, s5}. Then,

S \ SatLTL(¬2b) = {s4, s6, s7} is the satisfation set SatCTL∗(∃2b):
SatCTL∗(∃2b) = {s4, s6, s7}.The labeling is extended by a fresh atomi proposition a∃2b aording to SatCTL∗(∃2b).The orresponding subformula ∃2b of Φ is replaed by a∃2b.

s6

{a, b, a∃2b}

s3{a}

s7

{a, b, a∃2b}

s4 {b, a∃2b}

s1 ∅

s2{a, b}

s5
∅

s0

{b}

4. Ψ = ∃ , (aUa∃2b):The above equivalene for existentially quanti�ed path formulas yields:
s |=CTL∗ ∃ , (aUa∃2b) ⇐⇒ s 6|=LTL ¬ , (aUa∃2b) .By the equivalene ¬, (aUa∃2b) ≡ ,¬ (aUa∃2b), the satisfation set of ¬ (aUa∃2b) an be inferred:

SatLTL(¬ (aUa∃2b)) = {s0, s1, s2, s5}

SatLTL(,¬ (aUa∃2b)) = {s0, s2}

SatCTL∗(∃ , (aUa∃2b)) = S \ SatLTL(,¬ (aUa∃2b))

= S \ {s0, s2}

= {s1, s3, s4, s5, s6, s7}The labeling is extended by a new atomi prop. a∃,(aUa∃2b) aording to SatCTL∗(∃ , (aUa∃2b)).Again, the orresponding subformula Ψ of Φ is replaed by a∃,(aUa∃2b):
s6

{a, b, a∃2b, a∃,(aUa∃2b)}

s3

{a, a∃,(aUa∃2b)}

s7 {a, b, a∃2b, a∃,(aUa∃2b)}

s4 {b, a∃2b, a∃,(aUa∃2b)}

s1 {a∃,(aUa∃2b)}

s2{a, b}

s5

{a∃,(aUa∃2b)}

s0

{b}

5. Ψ = ∀32a∃,(aUa∃2b):In the ase of universal quanti�ation, we an diretly apply the LTL�semantis:
SatLTL(32a∃,(aUa∃2b)) = {s0, s1, s3, s4, s6, s7} .Beause of s5 ∈ Q0, but s5 /∈ Sat(Φ), this yields TS 6|=CTL∗ Φ.3



Solution 3 (7 + 3 points)The two transition systems were given as follows:
s1

{a}

s3 {b}s2{a, b} s4 {b}

TS1 : t1
{a}

t2

{a, b}
t4 {a, b}t3{b}

t6
{a}

t7
{b}

TS2 :

t5
{a}(a) TS1 6∼ TS2.Argument: Consider the CTL-formula Φ = ∃ , (b ∧ ∀ , (a ∧ b)).Then TS1 |= Φ and TS2 6|= Φ. Therefore TS1 and TS2 annot be bisimilar.(b) TS1 ≃ TS2. To show this, we onsider the ases:� TS1 � TS2:Graphially, the simulation relation is outlined below:

s1

{a}

s3 {b}s2{a, b} s4 {b}

TS1 : t1
{a}

t2

{a, b}
t4 {a, b}t3{b}

t6
{a}

t7
{b}

TS2 :

t5
{a}

R = {(s1, t1), (s2, t4), (s2, t2), (s3, t3), (s4, t3), (s3, t7), (s1, t6), (s4, t7)}� TS2 � TS1:The simulation order an be outlined graphially as follows:
t1

{a}

t2

{a, b}
t4 {a, b}t3{b}

t6
{a}

t7
{b}

TS2 :

t5
{a}

s1

{a}

s3 {b}s2{a, b} s4 {b}

TS1 :

R = {(t1, s1), (t2, s2), (t3, s3), (t4, s2), (t5, s1), (t6, s1), (t7, s3)}

=⇒ TS1 ≃ TS2.
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Solution 4 (2 + 4 + 4 points)(a) We �rst onsider P1:(i) The linear time property P1 an be desribed by the following ω-regular expression:
P1 = Lω

(
∅∗.{a}. (∅ + {b} + {a, b} + {a}.{b})ω

)(ii) Aording to Lemma 3.36, any LT-property an be deomposed into a safety and a livenessproperty:
P = closure(P )

︸ ︷︷ ︸

Psafe

∩
(

P ∪
((

2AP
)ω

\ closure(P )
))

︸ ︷︷ ︸

Plive

.Appliation to P1 yields
Psafe = closure(P )

= Lω

(
∅∗.{a}. (∅ + {b} + {a, b} + {a}.{b})ω + ∅ω

)

Plive = P ∪
((

2AP
)ω

\ closure(P )
)

= P ∪
((

2AP
)ω

\ Psafe

)

= P ∪ P̄safe

= P ∪ Lω

(
∅∗.{a}.

(
2AP

)∗
.{a}. ({a, b} + {a} + ∅) .

(
2AP

)ω)

∪ Lω

(
∅∗. ({b} + {a, b}) .

(
2AP

)ω)(iii) Sine pref(Plive) =
(
2AP

)∗, Plive is a liveness property.As closure(P ) = closure(closure(P )), Psafe is a safety property.(b) We onsider eah of the fairness assumptions Fi for i ∈ {1, 2}:We have TS |=Fi
P2 i� FairTracesFi

(TS) ⊆ P2.Beause of ∞

∃ k. Ak = {a, b}, eah trae has to visitat least one of s2 or s4 in�nitely many times.Additionally, from some point onwards, eah a-statemust be followed by a state that is annotated with(at least) b.
s0

{a}
s1 {b}

s2{a, b} s3
∅ s4 {a, b}

δ η

γ αβ

α

γ

α

α β β(i) TS |=F1
P2:� Any trae that reahes s4 is not F1-fair as α is exeuted only �nitely many times.This is in ontradition to our F1,ucond =

{
{α}

}.� Therefore s3
η
−→ s4 is never taken.� Beause of {η} ∈ F1,strong and beause η ations annot be exeuted in�nitely often (infat, only one from s3 to s4), the state s3 must not be visited in�nitely often.� The transitions s1

α
−→ s1 and s2

α
−→ s2 annot be taken in�nitely often beause of theenabled γ transitions to s0 or s1, respetively.� As β is enabled in s0, all F1�fair paths visit exatly s0, s1 and s2 in�nitely often.Therefore FairTracesF1

(TS) ⊆ P2 and TS |=F1
P2.(ii) TS 6|=F2

P2:Consider the path π = (s0s2s3s1)
ω with its orresponding trae σ = ({a}{a, b}∅{b})ω.We have π ∈ FairPathsF2

(TS), but σ /∈ P2.
=⇒ FairTracesF2

(TS) 6⊆ P2. 5


