
���������
	�����
��������������
�������������! "�#��$%����&�')(
*+�#�-,+�����.�����0/

13254!687:9<;>=0?A@"B C0CEDGF<FHF
7JI�KML<9HNO?<P�F<Q0R F�S�R DHFHFHF

TVU:W<X�Y3Z�[]\^W�U`_Jacb3UJZedgfihjU`W�k�X�b3l:m`U:_:anb3UJZpo^X�q!r�s:k
W<X0t]uwv>l:Zyx<_Jv>qzZO{|k�X0t]u}Y3Z
~�� �������}���
2e���}��@��M?�LH����?��M?�@i��I0@��H;>=OK]�

fµ,σ � N�?A� R
I0@�� � N�?A���0� ��� ?A@3B<�HN�����?�KM?!��@��M?�LH�>9��M���H@ 1

?A��LH��N��#R
∫

∞

−∞

fµ,σ(x) dx =
σ

µ

∫

∞

−∞

1

σ2 + (x − µ)2
dx =

σ

µ

∫

∞

−∞

1

σ2[1 + (x−µ
σ

)2]
dx

=
1

µσ

∫

∞

−∞

1

1 + (x−µ
σ

)2
dx =

1

µσ

∫

∞

−∞

1

1 + y2
σ dy

� ���`��?A�:C�I0N�K��M���MI������<@ y :=
x − µ

σ

=
1

µ

∫

∞

−∞

1

1 + y2
dy =

1

π

[

arctan(y)
]

∞

−∞

=
1

π

[π

2
− (−

π

2
)
]

=
1

π
π = 1.

C�� � ����L<����� ∫

∞

−∞
fµ,σ(x) dx = 1

Rz7:I0�H?�����? � ��K]�
fµ,σ(x) ≥ 0 ∀x ∈ R

Rz�`I0�>;>=
fµ,σ

B
σ, µ ∈ R

��K��J9G��K���K��M?��>Kg?A��@0?��`��;>=��M?jL<?AL<?AN�?A@3R
~�� �������}���
�`��?�9GI � (0, 1)

L<��?���;>=� <?A�M�M?A�����M?�¡�I � 9H����KM �9H�M��9GN���?<B}����?��09<K+��@��M?��M �9H��� [0, 1]
��@5��¢^?��£4�?A����?

��?A����?�LG�#B�¢¤?A�>��? � ��� U
N�?A��?A��;>=0@0?��#R

�O¥¦�:��?¨§"�G@�LH?©��?#K:����@0ªH?�@�4"?�����K�� � ;>ª�K`��K��£�09H@0@-L<?A�>9H��?�L<?AL<?AN�?A@���I���;>=-��?�@�2«?A�M�£��?��¡�I � 9H����K� �9H�M��9GN0��?A@ U
R0¬­���

g(u) =

{

u, 0 < u < 1,

0,
K��<@�K]�

?A��=��G��� � 9G@­��?A@¯®z��¢g9G�M�MI0@0L�K�¢¤?A�M�¤�0?A�J§"�H@0LH?j��?#Kg����@0ª<?A@­4"?�����K�� � ;>ª�Kg��I0�>;>=

E[g(U)] =

∫

1

0

u · 1 du = 0.5.

�z¥¦�:��?�§"�H@0LH?j��?#Kgª � �M��?A��?A@¯4"?�����K�� � ;>ª�Kg?A��LH��N��JKM��;>=E�AI min(U, 1 − U)
R0¬­���

g(u) =

{

min(u, 1− u), 0 < u < 1,

0,
KM�H@OK]�

=











u, 0 < u < 1

2
,

1 − u, 1

2
≤ u < 1,

0,
KM�H@OK]�

?A��=��G��� � 9G@­��?A@¯®z��¢g9G�M�MI0@0L�K�¢¤?A�M�¤�0?A�J§"�H@0LH?j��?#Kgª � �M��?A��?A@¯4"?�����K�� � ;>ª�Kg��I0�>;>=

E[g(U)] =

∫ 1

2

0

u · 1 du +

∫ 1

1

2

(1 − u) · 1 du =
1

8
+

(

1 −
1

2
−

1

2
+

1

8

)

= 0.25.

~�� �������}�-°
�`?A�±2 � � � ?A�g¢!�����²I0@�9GN�=��G@0L<��L�K���� � �¨LH?A¢¤�H� � ?A@"B"N0��K¨9G����?EK�?#;>=�K¨¡³��´³?A��@²L<? � 9G����?A@²KM��@O�µR�`��?:7J@0�#9G=0����?A�^�09G��I�NO?�@0¶G����LH�M?A@�2 � � � ?J��K��^��I0�>;>=�����?�¡�I � 9G����K� �9G����9GN0��? N

LH?AL<?AN�?A@3R<�:��?
·��H��LH?£��?A�¤2 � � � ?HB�N0�A¢jR���?��g7:I�KML<�G@�LH?HB<NO?#KM;>=��M?���N�?A@�¢!���!��I0�>;>=�?A��@0?£·0�H��LH?£K]����;>=�9HK��M��KM;>=I�@�9GN0=O�G@0L<��L<?A��¡�I � 9G����K� �9G����9GN0��?A@ X1, . . . , XN
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���������	��

��������������
�����������

���! "��#%$"�� 
�&#('!��
)�*�,+-# ��+	�.
�+/�

�0?A�
i 0 �M?A@ N���KM=0?A�i@0��;>=<�iLH?A¢ � � � ?�����?A@¦¡³9H=0�zN�?A�A?���;>=�@0?A@ ¢!��� � ��� Ti, i ∈ {1, . . . , 6}

R
Ti¢!���>�+L<? � ?�K�K�?�@���@¯��?A�:7:@0��9H=0�3��?��!N0��KM=0?��J��I0�>;>=0LH? � � =0�M�M?A@E2 � � � ?HR��£9 � ���JLH�����

T1 = 1

Ti = inf
{

n ∈ N|Xn 6∈ {XT1
, XT2

, . . . , XTi−1
}
}

, i ∈ {2, . . . , 6},

I�@��E?�Kg��K]�
N = T6.1 ?#K�IO;>=<�J��K��`��?A�:®z�M¢g9G�M�MI�@0L<KM¢^?����gI0@��­�0��?32z9H�M��9G@��£ <�H@

N
B�9G��K��

E[T6]
B
Var[T6]

R³C�?����A?
@�I0@

N1 := 1

Ni := Ti − Ti−1, i ∈ {2, . . . , 6}.
�£9 � ���J?A��=��G��� � 9G@ � � � Ti

����?��£9G�>K��M?A����I0@0L

Ti =

i
∑

j=1

Nj . 46587

Ni − 1
��K]�:�0��?�2�9G�M�M?A��?A���J H�<@���?��

(i − 1) 0 ��?A@EN0��K!�AI0� i 0 �M?A@-¡���´�?��JI0@��E��K]�JL<?A� � ?A�M����K�;>= <?A�M�M?������ � ���:9)9G�>9 � ?���?A� pi = 7−i
6

R0�:��?
Ni

KM��@��¯K]����;>=O9HK��M��KM;>=�I0@�9GN�=��G@0L<��LOR
· � �J�0?A@¯®z��¢¤9H����I0@0LH¢¤?A�M�g H�H@ T6

?A��LH��N��JK���;>=EKM� � ���

E[T6] =

6
∑

i=1

E[Ni]
¢^?�LH?A@

(1)

=

6
∑

i=1

(1 − pi

pi

+ 1
)

=

6
∑

i=1

1

pi

=

6
∑

i=1

6

7 − i
= 1 +

6

5
+

3

2
+ 2 + 3 + 6

= 14.7.

· � �J�0��?;2z9H�M��9G@0�£ H�<@ T6

?��M=��H��� � 9G@¯9G@O9G���HL

Var[T6] =

6
∑

i=1

Var[Ni],
�09¨����?

Ni

K��M��;>=3R�I0@O9GN0=3R

=

6
∑

i=1

1 − pi

pi
2

=

6
∑

i=1

(1 − 7−i
6

)62

(7 − i)2
=

6
∑

i=1

62 − 6(7 − i)

(7 − i)2

=

6
∑

i=1

6(6 − 7 + i)

(7 − i)2
=

6
∑

i=1

6(i − 1)

(7 − i)2
=

0

36
+

6

25
+

12

16
+

18

9
+

24

4
+

30

1

= 38.99.

~�� �������}�=<

E(Xk) =

∫

∞

−∞

xkf(x)dx

2e���!K�?A�M��?A@
g(x) := xkf(x)

R�®}K � �H��LG� g(−x) = (−x)kf(−x) = −xkf(x) = −g(x)
I0@��

E(X) =

∫

∞

−∞

g(x)dx =

∫

0

−∞

g(x)dx +

∫

∞

0

g(x)dx = −

∫

0

−∞

g(−x)dx +

∫

∞

0

g(x)dx



���������	��

��������������
�����������

���! "��#%$"�� 
�&#('!��
)�*�,+-# ��+	�.
�+��

=

∫

−∞

0

g(−x)dx +

∫

∞

0

g(x)dx = −

∫

∞

0

g(x)dx +

∫

∞

0

g(x)dx = 0.

~�� �������}���

Cov(aX + b, cY + d) = E[(aX + b)(cY + d)] − E(aX + b)E(cY + d)

= E(acXY + adX + bcY + bd) − (aE(X) + b)(cE(Y ) + d)

= acE(XY ) + adE(X) + bcE(Y ) + bd − acE(X)E(Y ) − adE(X) − bcE(Y ) − bd

= ac(E(XY ) − E(X)E(Y )) = ac Cov(X, Y ).

~�� �������}���
�£9±�A¢¤?A�µK��M��;>=�9HK��M��K�;>=�I0@�9HN0=��G@�LH��LH?�¡�I � 9G����K� �9G����9GN0��?A@�� �¨� ?A�!I0@0ª<�H���M?�����?A�M�^KM��@O�µB���K��!@�I0���I���?A��LH?�@3B0�09G��9HI�K!��?A���:@0ªH�<�M��?A����?A�M�M=0?����J����?jK]����;>=O9HK��M��KM;>=0?��J@O9GN0=��H@0LH��LHª<?A��� � �<��LH��R2e���¤NO?A�M�>9H;>=��M?�@��AI0?���K��¤��?�@+·�9H��� B��09G�

X
I�@��

Y
NO?�����?£��?A@�4"�>�GL<?A�

{0, 1}
=O9GN�?A@3R��`9

XI�@��
Y
I�@0ªH�<�M��?A����?����!KM��@��3B � �H��LG�

0 = Cov(X, Y ) = E(XY ) − E(X)E(Y ) = P (X = 1, Y = 1) − P (X = 1)P (Y = 1),

9H��KM�

P (X = 1, Y = 1) = P (X = 1)P (Y = 1).

·��H��LH����;>= KM��@O� ����?+®z�M?���L<@0��KMKM?
{X = 1}

I�@��
{Y = 1}

K]����;>=O9HK��M��KM;>=�I0@�9HN0=��H@0LH��L�R3¬­���
§"? �¨� 9�D�R 5 S � �H��LG��P

•
�:��?j®z��?A��LH@0��K�K�?

{X = 1}C
I0@��

{Y = 1}
K���@��EK]����;>=O9HK��M��KM;>=EI0@�9HN0=��G@�LH��L�B

•
�:��?j®z��?A��LH@0��K�K�?

{X = 1}
I0@O�

{Y = 1}C
KM��@��EK��M��;>=�9HK��M��K�;>=�I0@O9GN0=��H@0LH��L�B

•
�:��?j®z��?A��LH@0��K�K�?

{X = 1}C
I0@��

{Y = 1}C
KM��@��¯K��M��;>=�9<K]����K�;>=+I0@O9GN0=��H@0LH��L�R

¬-���:§"? �¨� 9
	OR 5 F � �<��LH��B���9G� X
I0@O�

Y
K��M��;>=�9<K]����K�;>=+I�@�9GN0=O�G@0L<��L¨K���@��µR

� � 9G����LH? � ?���@0?�@e·�9G���`KM?A� {x1, x2}
��?���4����HLH?��± <�H@

X
I0@��

{y1, y2}
��?���4����HLH?��� H�H@

Y
R��`=�@0?��¤?�K�;>=0�>�G@0ª�I0@0L%�0?A�¯7J����L<? � ?A��@0=0?����¯LH?�����? x1 6= x2

I0@O�
y1 6= y2

B¤�09²?A��@0?
¡³I � 9G����KM �9G����9HN0��? X � ���:@�I0�:?A��@0? � 4"�>�GL<?A���0I0@0ª��

x
K]����;>=�9HK��M��KM;>=�I0@�9HN0=��G@�LH��L± <�H@

]?���?��

¡³I � 9G����KM �9G����9HN0��?A@ Y
��K]�#R 4 ®^KJK�?�� B ∈ B

1
P

P (X = x, Y ∈ B) = P (Y ∈ B) = P (X = x)P (Y ∈ A)

I�@��

P (X = x′, Y ∈ A) = P (∅) = 0 = P (X = x′)P (Y ∈ A)

� � �J9G����? x′ 6= x
R 72e���!K�?A�M��?A@

a := 1

x2−x1

B
b := −x1

x2−x1

B
c := 1

y2−y1

I0@��
d := −y1

y2−y1

R��`��?�¡�I � 9H����K� �9H�M��9GN0��?A@
X ′ := aX + b

I0@O�
Y ′ := cY + d

=�9HNO?�@�N�?A����?���?�@­4"�>�GL<?A�
{0, 1}

B���?�@0@3P

X(ω) = x1 ⇒ X ′(ω) =
x1

x2 − x1

−
x1

x2 − x1

= 0

I�@��

X(ω) = x2 ⇒ X ′(ω) =
x2

x2 − x1

−
x1

x2 − x1

= 1.

4 Y ′
¢!���>��9H@�9G���HL±NO?�=�9G@O��?A����R 7
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C���@��
X
I0@��

Y
I0@0ª<�H���M?�����?A�M��B�KM� � �<��LH�J9G��K��

0 = Cov(X, Y ) = Cov(aX + b, cY + d) = Cov(X ′, Y ′).

7:��KM�­K���@��
X ′

I0@ �
Y ′

I0@�ªH�H����?A����?����£I0@��«@�9H;>=���?��;2)�H� � NO?��M��?AL<I0@0LE9GI�;>=�K]����;>=�9HK��M��KM;>=I�@�9GN0=O�G@0L<��LOR
�£9 ����?�¡�I � 9G����K� �9G����9GN0��?A@ X
I0@O�

Y � ?A�<N�9G��?­·0I0@�ª<�����<@0?A@¸ H�<@ X ′
I0@��

Y ′
KM��@O� 4 X = (x2 − x1)X

′ + x1

B
Y = (y2 − y1)Y

′ + y1 7 B
K���@��%KM��?+@�9<;>=²C�9���� 	�R 5��K��M��;>=�9<K]����K�;>=+I�@�9GN0=O�G@0L<��LOR
~�� �������}���
®^KJK�?��

X
L<��?���;>=� <?A�M�M?A�����g9HI � {−1, 0, 1}

R<�£9G@0@ � �H��LG�

E(X) = (−1 + 0 + 1)
1

3
= 0

I�@�� 4 N�?�9H;>=���? X3 = X 7
Cov(X, X2) = E(X3) − E(X)E(X2) = E(X) − E(X)E(X2) = 0 − 0E(X2) = 0,

9H��KM�¨K���@��
X
I�@��

X2
I0@0ªH�<�M��?A����?A�M��R

®^K!LH�����J9HNO?��

P (X2 = 1, X = 0) = P (∅) = 0 6=
2

3
·
1

3
= P (X2 = 1)P (X = 0),

X
I0@��

X2
KM��@O�E9H��KM�±@0��;>=��:K��M��;>=�9<K]����K�;>=+I0@O9GN0=��H@0LH��L�R


