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Vorlesungsinhalt

7. Numerische Integration
berechne I =

∫ b
a f(x) dx

8. Lineare Gleichungssysteme, iterative Verfahren
geg.: A ∈ Rn×n, b ∈ Rn, n� 1, A dünnbesetzt;
ges.: x ∈ Rn, so dass Ax = b

9. Optimierung
geg.: Kostenfunktion J : Rn → R, Menge X ⊆ Rn;
ges.: Optimum x∗, so dass x∗ = arg minx∈X J(x)
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Übersicht

Themen: Dahmen & Reusken Kap. 10.1-10.3
I Newton-Cotes-Formeln
I Gauß-Quadratur

Was Sie mitnehmen sollten:
I Was ist die Grundidee der numerischen Integration
I Wie kann man den Fehler abschätzen
I Was ist der Exaktheitsgrad einer Quadraturformel
I Welchen Exaktheitsgrad haben die Newton-Cotes-Formeln und

die Gauß-Quadratur
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Motivation
Propagation Approach
Example: Sphere

Problem Definition

Goal: Compute three-dimensional shape of object/scene from
brightness of one or more black and white images.

This is page 1
Printer: Opaque this

Shape From Shading

Emmanuel Prados, Olivier Faugeras

ABSTRACT Shape From Shading is the process of computing the three-
dimensional shape of a surface from one image of that surface. Contrary to
most of the other three-dimensional reconstruction problems (for example,
stereo and photometric stereo), in the Shape From Shading problem, data
are minimal (we use a single image!). As a consequence, this inverse problem
is intrinsically a difficult one. In this chapter we describe the main difficul-
ties of the problem and the most recent theoretical results. We also give
some examples of realistic modelings and of rigorous numerical methods.

1 Introduction

The “Shape From Shading” problem (SFS) is to compute the three-dimen-
-sional shape of a surface from the brightness of one black and white image
of that surface; see figure 1.

FIGURE 1. The “Shape-from-Shading” problem.

In the 70’s, Horn [18] was the first to formulate the Shape From Shading
problem simply and rigorously as that of finding the solution of a nonlinear
first-order Partial Differential Equation (PDE) called the brightness equa-
tion. In a first period (in the 80’s) the authors focus on the computational
part of the problem, trying to compute directly numerical solutions. Ques-
tions about the existence and uniqueness of solutions to the problem were
simply not even posed at that time with the important exception of the
work of Bruss and Brooks [8, 5]. Nevertheless, due to the poor quality of
the results, these questions as well as those related to the convergence of
numerical schemes for computing the solutions became central in the last
decade of the 20th century. Today, the Shape From Shading problem is

Quelle: Prados & Faugeras
Description of object in terms of, e.g.,

I depth z(x, y)
I surface normal ~n = (nx, ny, nz)
I surface gradient (p(x, y), q(x, y))
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Examples

Mars Global Surveyor Orbiter (Quelle: NASA)

Other examples:
I Scanning electron microscope
I Lunar topography
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Examples

Quelle: wikiii.de
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Image Formation

Image Irradiance Equation
R(p(x, y), q(x, y)) = I(x, y)

where
I R is the reflectance map
I I is the brightness image

Difficulties:
I Loss of data through projection (3D→ 2D)
I Reconstruction of 3D information from 2D data is ill-posed,

i.e., gradients cannot be determined uniquely
I Absolute depth information not available
I Regularization/Additional constraints necessary

Other approaches:
I Shape from Stereo, Shape from Motion, Shape from Texture,

. . .
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Solution Techniques

Four Groups:
I Minimization
⇒ Minimization of energy function (brightness constraint,
smootheness constraint).

I Propagation
⇒ Propagate information from a set of surface points (e.g.
singular points).

I Local
⇒ Derive shape based on assumption of surface type (e.g.
spherical) and intensity gradients.

I Linear
⇒ Based on linearization of reflectance map in terms of
surface gradient.
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Main Idea

Approach:
I Determine surface normals based on image irradiance

equation: reflectance map = image intensities
I Integrate gradients to obtain height information

Note that depth, surface normal, and surface gradient satisfy

p(x, y) =
∂z(x, y)

∂x
, q(x, y) =

∂z(x, y)

∂y
and

~n =



nx
ny
nz


 =

1√
1 + p2 + q2



−p
−q
1



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Lambert Reflector

Reflectance map
R(p, q) = I0 ρ cos(~s, ~n)

= I0 ρ~s · ~n
where

I I0: incident light intensity
I ρ: albedo
I ~s: light source direction
I ~n: surface normal

440 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. IO, NO. 4, JULY 1988 

Fig. 1 .  Imaging geometry. 

shape-from-shading algorithms can be improved consid- 
erably by incorporating such an integrability constraint. 

Most shape-from-shading algorithms reported in the lit- 
erature [5]-[lo] do not take into account the interdepen- 
dence of the two components of surface orientation, but 
allow them to vary independently. If we do allow (z,, z r )  
to vary independently, then (1) may have an infinite num- 
ber of solutions even when boundary conditions are com- 
pletely known and there are no modeling errors or obser- 
vation noise. Just to illustrate this point, neglect the issue 
of boundary conditions and consider shape from shading 
as a discrete problem. Suppose we observe image inten- 
sity on an N x N grid. We have N 2  observations and hope 
to determine 2 N 2  samples of the partial derivatives of z ( x ,  
y) .  Clearly, there is an infinite number of solutions to (1) 
if the partial derivatives of z are not interdependent. Sup- 
pose instead that we simply require that these partial de- 
rivatives be integrable in the sense of (2 ) .  Then the partial 
derivatives must correspond to only N 2  unknown samples 
of z ,  so that we are dealing with approximately N 2  equa- 
tions in N 2  unknowns. Hence, an integrability constraint 
cuts the number of unknowns by a factor of two, neglect- 
ing boundary conditions. 

Early solutions to the shape-from-shading problem were 
based on direct inversion of the differential equation (1) 
[1]-[3] and served to demonstrate the concept of shape 
from shading. Unfortunately, an exact solution to the im- 
aging equation (1) does not always exist, or there may be 
an infinite number of solutions. In practice, modeling er- 
rors such as reflectance map mismatch, imperfect knowl- 
edge of the light source, spatial and radiometric quanti- 
zation error, observation noise, and albedo variations are 
inevitable. Further, boundary conditions are generally not 
completely known and sometimes may not be available at 
all. These factors all influence the existence and unique- 
ness of a solution to (1) and the estimation of a good so- 
lution in the case that a unique one does not exist. For 
these reasons, shape from shading is a very difficult prob- 
lem in practice. 

It is more practical to pose shape from shading as a 
constrained minimization problem rather than purely an 
inversion problem. For example, Brooks and Horn [5] 

proposed the approach of selecting the surface slope es- 
timates (i,, 2,) which minimize the following cost func- 
tion: 

+ x (2% + 2i:, + ?;,) d r d y ,  (3)  
subject to known boundary conditions. The first term in 
the integrand is the squared error between the observed 
image intensity and the image intensity predicted by sub- 
stituting the estimates ( iX,  f Y )  into (1). This mean-squared 
error term allows for modeling errors and noise. The sec- 
ond term in the integrand is a measure of quadratic vari- 
ation in the surface slopes. This is a smoothness criterion, 
which, in principle, assures a unique smooth solution to 
(3) even when (1) does not possess a unique solution. It 
is also interesting that minimization of a quadratic varia- 
tion of the surface slopes is roughly equivalent to min- 
imization of the potential energy of a thin elastic plate 
[ 111.  The constant A establishes a tradeoff between the 
smoothness of the solution (2,, 2,) and the mean-square 
value of the residuals I - @. 

Brooks and Horn [5] developed an algorithm to mini- 
mize E in (3), subject to the constraint that (?,, &) satisfy 
known boundary conditions. Although the Brooks and 
Horn algorithm may converge to a unique solution of (3), 
that solution is generally not integrable. That is, given the 
final estimates of the partial derivatives, many possible 
surfaces could be constructed, each dependent on the path 
of integration. 

Earlier, Ikeuchi and Horn [6] developed a similar al- 
gorithm that, instead of using gradient space ( z , ~ ,  z , ) ,  was 
parameterized in stereographic coordinates ( f, g ) where 

22, 
f =  1 + dl + z :  + z ;  

and 

22, 
g =  

1 + J1 + z ;  + 2 ; '  
(4) 

Quelle: Frankot & Chellappa

Lambert (diffusive reflexion):
I Reflection of incident light is the same in all directions.
I Point of observation is irrelevant, only angle between surface

normal and light source is important.
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Determination of surface normal

Assume we are given three images with different lighting but same
camera position. We then have

Ii(x, y) = I0,i ρ (~si · ~n), i = 1, 2, 3,

which we can rewrite as

I =



I1
I2
I3


 =



I0,1 ~s

T
1

I0,2 ~s
T
2

I0,3 ~s
T
2


 ρ ~n = S ~n

where

S = ρ



I0,1 s1,x I0,1 s1,y I0,1 s1,z
I0,2 s2,x I0,2 s2,y I0,2 s2,z
I0,3 s3,x I0,3 s3,y I0,3 s3,z




⇒ Solve 3× 3 linear system for each pixel.
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Determination of depth

Given the “needle diagram” (i.e. ~n at each pixel) we obtain

~n =



nx
ny
nz


 =

1√
1 + p2 + q2



−p
−q
1




or
∂z(x, y)

∂x
= p(x, y) = −

nx

nz
,

∂z(x, y)

∂y
= q(x, y) = −

ny

nz
.

Integration along an (arbitrary) curve yields

z(x, y) = z0(x, y) +

(x,y)∫

(x0,y0)

(p dx+ q dy).

⇒ Numerical integration required (and possibly least-squares).
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Images of sphere

Sphere under three different lighting conditions

04.00D.1 

 
 
 
 
 

Chapter 04.00D  
 

Physical Problem for Computer Engineering 
Simultaneous Linear Equations 
 
 
 
 
 
Problem Statement 

Human vision has the remarkable ability to infer 3D shapes from 2D images. When we look 
at 2D photographs or TV we do not see them as 2D shapes, rather as 3D entities with 
surfaces and volumes. Perception research has unraveled many of the cues that are used by 
us. The intriguing question is can we replicate some of these abilities on a computer? To this 
end, in this assignment we are going to look at one way to engineer a solution to the 3D 
shape from 2D images problem. Apart from the pure fun of solving a new problem, there are 
many practical applications of this technology such as in automated inspection of machine 
parts, inference of obstructing surfaces for robot navigation, and even in robot assisted 
surgery. 
Image is a collection of gray level values at set of predetermined sites known as pixels, 
arranged in an array. These gray level values are also known as image intensities.  The 
registered intensity at an image pixel is dependent on a number of factors such as the lighting 
conditions, surface orientation and surface material properties. The nature of lighting and its 
placement can drastically affect the appearance of a scene.  Can we infer shape of the 
underlying surface given images as in the images below in Figure 1. 

 

    
Figure 1 Images of a surface taken with three different light directions. Can you guess the shape of the 
underlying surface? 

Quelle: S. Sarkar

Approach:
I Determine “needle diagram”
I Recover depth information
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Needle Diagram
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Needle Diagram
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Needle Diagram
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Depth information

Numerical integration (“Trapezregel”):

z(x, y) =

y∫

0

−
ny

nz
dy oder z(x, y) = −

y∫

256

−
ny

nz
dy
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Grundlegende Idee

Die gängige Strategie zur näherungsweisen Berechnung des
Integrals ∫ b

a
f(x)dx

läßt sich folgendermaßen umreißen: N10.1

1. Man unterteile [a, b] in Teilintervalle [tk−1, tk] z.B. mit
tj = a+ jh, j = 0, . . . , n, h = b−a

n
.

2. Approximiere f auf jedem Intervall [tk−1, tk] durch eine
einfach zu integrierende Funktion gk, und verwende
∫ b

a
f(x)dx =

n∑

k=1

∫ tk

tk−1

f(x)dx ≈
n∑

k=1

∫ tk

tk−1

gk(x)dx

als Näherung für das exakte Integral.
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Kondition

Sei

I =

∫ b

a
f(x) dx, Ĩ =

∫ b

a
f̃(x) dx

Es gilt

|I − Ĩ| =
∣∣
∫ b

a
f(x)− f̃(x)dx

∣∣ ≤
∫ b

a
|f(x)− f̃(x)|dx

≤ (b− a)‖f − f̃‖∞.

und damit

|I − Ĩ|
|I|

≤ (b− a)
‖f − f̃‖∞
|
∫ b
a f(x)dx|

=

∫ b
a ‖f‖∞dx
|
∫ b
a f(x)dx|

︸ ︷︷ ︸
= κrel

·
‖f − f̃‖∞
‖f‖∞

.
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Grundlegende Idee

Die gängige Strategie zur näherungsweisen Berechnung des
Integrals ∫ b

a
f(x)dx

läßt sich folgendermaßen umreißen:

1. Man unterteile [a, b] in Teilintervalle [tk−1, tk] z.B. mit
tj = a+ jh, j = 0, . . . , n, h = b−a

n
.

2. Approximiere f auf jedem Intervall [tk−1, tk] durch eine
einfach zu integrierende Funktion gk, und verwende
∫ b

a
f(x)dx =

n∑

k=1

∫ tk

tk−1

f(x)dx ≈
n∑

k=1

∫ tk

tk−1

gk(x)dx

als Näherung für das exakte Integral.

IGPM, RWTH Aachen Numerisches Rechnen 400



Shape from Shading
Numerische Integration

Einleitung
Trapezregel
Newton-Cotes-Formeln
Gauß-Quadratur

Trapezregel

I Lineare Interpolation an den Intervallenden von [tk−1, tk], d.h.

gk(x) =
x− tk−1

h
f(tk) +

tk − x
h

f(tk−1),

I Das Integral ist damit gegeben durch
∫ tk

tk−1

gk(x) dx =
h

2
[f(tk−1) + f(tk)].

f (x)

tk−1 tk

gk(x)

h
2 [f (tk−1) + f (tk)]
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Summierte Trapezregel

Wiederholtes Anwenden der Trapezregel auf jedem Teilinterval
[tk−1, tk] als Näherung für

∫ b
a f(x) dx liefert die N10.2

Summierte Trapezregel

T (h) = h

[
1
2
f(a) + f(t1) + . . .+ f(tn−1) + 1

2
f(b)

]

Für den Verfahrensfehler der Teilintegrale gilt folgende Darstellung:

Lemma 10.1

Sei f ∈ C2([tk−1, tk]). Es gilt:

h

2
[f(tk−1) + f(tk)] =

∫ tk

tk−1

f(x) dx+
f ′′(ξk)

12
h3,

für ξk ∈ [tk−1, tk].
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Summierte Trapezregel

Für den Verfahrensfehler des gesamten Integrals T (h) ergibt sich
damit die Abschätzung
∣∣∣∣T (h)−

∫ b

a
f(x) dx

∣∣∣∣ =

∣∣∣∣∣
n∑

k=1

f ′′(ξk)

12
h3

∣∣∣∣∣

≤
h3

12

n∑

k=1

∣∣f ′′(ξk)
∣∣ ≤ h3

12
n max
x∈[a,b]

∣∣f ′′(x)
∣∣.

Mit nh = b− a ergibt sich insgesamt die

Fehlerschranke
∣∣∣∣T (h)−

∫ b

a
f(x) dx

∣∣∣∣ ≤
h2

12
(b− a) max

x∈[a,b]

∣∣f ′′(x)
∣∣.
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Summierte Trapezregel

Ebenfalls erhält man wegen

E(h) := T (h)−
∫ b

a
f(x) dx =

n∑

k=1

f ′′(ξk)

12
h3 =

h2

12

n∑

k=1

hf ′′(ξk)

und

lim
h→0

E(h)

h2
=

1

12

∫ b

a
f ′′(x) dx =

1

12

(
f ′(b)− f ′(a)

)

die

Fehlerschätzung

E(h) ≈ Ê(h) :=
h2

12
(f ′(b)− f ′(a)) .
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Beispiel 10.2

Zur näherungsweise Berechnung von N10.3

I =

∫ π/2

0
(x cosx+ ex)dx =

π

2
+ e

1
2
π − 2

mit der Trapezregel ergeben sich die in folgender Tabelle ange-
gebenen Näherungswerte, Verfahrensfehler und Fehlerschätzungen.

Beispiel 10.2.

Zur näherungsweisen Berechnung von

I =
∫ π/2

0
x cosx+ ex dx =

π

2
+ e

1
2π − 2

mit der Trapezregel ergeben sich die in folgender Tabelle angegebenen

Näherungswerte, Verfahrensfehler und Fehlerschätzungen.

n T (h) |E(h)| = |T (h)− I| |Ê(h)| = h2

12|f ′
(
π
2

)
− f ′(0)|

4 4.396928 1.57e−02 1.59e−02
8 4.385239 3.97e−03 3.98e−03
16 4.382268 9.95e−04 9.96e−04
32 4.381523 2.49e−04 2.49e−04

△

Dahmen-Reusken Kapitel 10 7
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Newton-Cotes-Formeln

I Für ein typisches Teilintervall [tk−1, tk] stehe der Einfachheit
halber im Folgenden [c, d].

I Seien nun x0, . . . , xm ∈ [c, d] paarweise verschiedene Punkte.

I Integration des Interpolationspolynoms liefert die Quadratur-
formel

Im(f) =

∫ d

c
P (f |x0, . . . , xm)(x)dx.

Satz 10.3.
Sei Im(f) wie oben. Für jedes Polynom Q ∈ Πm gilt

Im(Q) =

∫ d

c
Q(x)dx.

Man sagt, die Quadraturformel ist exakt vom Grade m.
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Newton-Cotes-Formeln
Wir erhalten damit als Näherung für das exakte Integral

∫ d

c
P (f |x0, . . . , xm)(x) dx =

∫ d

c

m∑

j=0

f(xj)`jm(x) dx

=

m∑

j=0

f(xj)

∫ d

c
`jm(x) dx

=

m∑

j=0

f(xj)

∫ d

c

m∏

k=0
k 6=j

x− xk
xj − xk

dx

= h

m∑

j=0

f(xj)
1

h

∫ d

c

m∏

k=0
k 6=j

x− xk
xj − xk

dx

︸ ︷︷ ︸
= h

m∑

j=0

f(xj) cj

IGPM, RWTH Aachen Numerisches Rechnen 407
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Newton-Cotes-Formeln

Lemma 10.4
Es gibt Gewichte c0, . . . , cm, so dass Im(f) die Form

Im(f) = h
m∑
j=0

cjf(xj)

hat, wobei wieder h = d− c. Die cj sind durch

cj =
1

h

∫ d

c

m∏

k=0
k 6=j

x− xk
xj − xk

dx =
1

h

∫ d

c
`jm(x) dx

gegeben, wobei `jm (0 ≤ j ≤ m) die Langrange-Fundamental-
polynome zu den Stützstellen x0, . . . , xm sind.
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Newton-Cotes-Formeln

Wählt man speziell die Stützstellen xj äquidistant

x0 = c+
1

2
h =: c+ ξ0h, wenn m = 0

xj = c+
j

m
h =: c+ ξjh, j = 0, . . . ,m, wenn m > 0,

erhält man die Newton-Cotes-Formeln.

Beispiel
Für m = 1 erhalten wir x0 = c, x1 = d und

c0 =
1

h

∫ d

c

x− x1

x0 − x1
dx =

1

2

c1 =
1

h

∫ d

c

x− x0

x1 − x0
dx =

1

2
.
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Newton-Cotes-Formeln

Mann kann die Quadraturformel in der Form N10.4

Im(f) = h
m∑
j=0

cjf(c+ ξjh)

mit normierten Stützstellen ξj und Gewichten cj schreiben, die
jetzt unabhängig vom speziellen Intervall [c, d] sind, z.B.

m ξj cj Im(f)−
∫ d
c f(x)dx

0 Mittelpunktsregel 1
2

1 − 1
24
h3f (2)(ξ)

1 Trapezregel 0, 1 1
2
, 1
2

1
12
h3f (2)(ξ)

2 Simpson-Regel 0, 1
2
, 1 1

6
, 4
6
, 1
6

1
90

(1
2
h)5f (4)(ξ)

3 3
8
-Regel 0, 1

3
, 2
3
, 1 1

8
, 3
8
, 3
8
, 1
8

3
80

(1
3
h)5f (4)(ξ)

4 Milne-Regel 0, 1
4
, 1
2
, 3
4
, 1 7

90
, 32
90
, 12
90
, 32
90
, 7
90

8
945

(1
4
h)7f (6)(ξ)
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Summierte Newton-Cotes-Formeln

Beispiel: Summierte Simpson-Regel.

S(h) =

∫ b

a
f(x)dx+ E(h)

mit

S(h) =
h

6

[
f(t0) + 4f

(
t0 + t1

2

)
+ 2f(t1) + 4f

(
t1 + t2

2

)

+2f(t2) + . . .+ 2f(tn−1) + 4f

(
tn−1 + tn

2

)
+ f(tn)

]

und Fehlerschranke

E(h) =

n∑

k=1

1

90

(
1

2
h

)5

f (4)(ξk) =
h4

2880

n∑

k=1

hf (4)(ξk),

für ξk ∈ [tk−1, tk].
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Summierte Newton-Cotes-Formeln

Es gilt, wegen nh = b− a,

|E(h)| ≤
h4

2880
(b− a)‖f (4)‖∞,

E(h) ≈
h4

2880

∫ b

a
f (4)(x) dx =

h4

2880
(f (3)(b)− f (3)(a)).

Beachte: Beim Aufsummieren der einzelnen Teilintegrale,
∫ b

a
f(x) dx =

n∑

k=1

∫ tk

tk−1

f(x) dx,

geht im Fehler eine h-Potenz verloren.
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Beispiel 10.5

Zur näherungsweise Berechnung von (siehe Beispiel 10.2)

I =

∫ π/2

0
(x cosx+ ex)dx =

π

2
+ e

1
2
π − 2

ergeben sich die Resultate wie in folgender Tabelle.

n S(h) |E(h)| h4

2880
|f (3)(π

2
)− f (3)(0)|

4 4.381343022 6.93e− 05 6.92e− 05

8 4.381278035 4.33e− 06 4.33e− 06

16 4.381273978 2.70e− 07 2.70e− 07

32 4.381273725 1.69e− 08 1.69e− 08
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Gauß-Quadratur

Zielvorgabe
Entwickle für m ∈ N eine Formel

m∑
i=0

ωif(xi) =

∫ d

c
P (f |x0, . . . , xm)(x) dx

mit:
I positiven Gewichten ωi, i = 0, . . . ,m;

I mit möglichst hohem Exaktheitsgrad n ≥ m, d.h.,
∫ d

c
Q(x) dx =

m∑

i=0

ωiQ(xi), ∀Q ∈ Πn.

Zur Erinnerung: Der Exaktheitsgrad bei Newton-Cotes-Formeln
Im(f) ist entweder m oder m+ 1.
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Gauß-Quadratur

I Exaktheitsgrad kann höchstens 2m+ 1 sein.
⇒ Gaußsche Quadraturformeln

Satz 10.6
Sei m ≥ 0. Es existieren Stützstellen x0, . . . , xm ∈ (c, d) und
positive Gewichte ω0, . . . , ωm, so dass mit h = d− c

h
m∑
i=0

ωif(xi) =

∫ d

c
f(x) dx+ Ef(x)

und
EQ = 0 für alle Q ∈ Π2m+1.

Ferner gilt für passendes ξ ∈ [c, d]

|Ef(h)| =
((m+ 1)!)4

((2m+ 2)!)3 (2m+ 3)
h2m+3|f (2m+2)(ξ)|.
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Numerisches Test

I Betrachte Quadraturformel

Ik,n ≈
∫ b

a
f(x) dx = I(f),

wobei [a, b] in n Teilintervalle mit Länge b−a
n

= h unterteilt
wird und auf jedem Teilintervall eine Gauß-Quadratur mit
k = m+ 1 Stützstellen angewandt wird.

I Für glatte Funktionen (d.h. |f (2k)| wird nicht allzu groß, wenn
k größer wird) wird die Qualität der Gauß-Quadratur im
Wesentlichen durch den Faktor Ck,h bestimmt, wobei

Ck,h :=
(k!)4

((2k)!)3(2k + 1)
h2k+1.

Wir erhalten folgende Werte . . .
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Numerisches Test

h k = 2 k = 4 k = 8

4 2.4e− 01 1.5e− 04 2.9e− 13

2 7.4e− 03 2.9e− 07 2.2e− 18

1 2.3e− 04 5.6e− 10 1.7e− 23

0.5 7.2e− 06 1.1e− 12 1.3e− 28

I Für I2k,n und Ik,2n wird die Anzahl der Funktionsauswertungen
etwa verdoppelt im Vergleich zu Ik,n.

I In obiger Tabelle kann man sehen, dass man
|I − I2k,n| � |I − Ik,2n|

erwarten darf.

I In der Praxis wird daher bei der Gauß-Quadratur n in der Regel
klein gewählt, oft sogar n = 1.
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Beispiel 10.7.

Gauß-Quadratur zur Berechnung von (siehe Beispiel 10.2)

I =

∫ π/2

0
(x cosx+ ex)dx =

π

2
+ e

1
2
π − 2

mit [c, d] = [0, π
2
] (d.h. n = 1) ergibt die Resultate:

m Im |Im − I|
1 4.3690643196 1.22e− 03

2 4.3813023502 2.86e− 05

3 4.3812734352 2.73e− 07

4 4.3812737083 5.18e− 10

Die Genauigkeit der Gauß-Quadratur mit 5 Funktionswerten
(m = 4; k = 5) ist besser als die der Simpson-Regel angewandt
auf n = 32 Teilintervalle (vgl. Beispiel 10.5), wobei insgesamt 65
Funktionwerte benötigt werden.
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Beispiel 10.8.

I Aufgabe: Berechnung der Stützstellen und Gewichte der
Gauß-Quadratur für [c, d] = [−1, 1] und m = 1.

I Die Gauß-Quadraturformel
I1(f) = 2(c0f(x0) + c1f(x1))

muß für p ∈ Π3 exakt sein, d.h.∫ 1

−1
p(x) dx = 2(c0p(x0) + c1p(x1))

für p(x) = xk, k = 0, 1, 2, 3.

I Aus ∫ 1

−1
xkdx = 2(c0x

k
0 + c1x

k
1), k = 0, 1, 2, 3,

erhält man die Gleichungen . . .
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Beispiel 10.8.

erhält man die Gleichungen . . .
2 = 2(c0 + c1), 0 = 2(c0x0 + c1x1),

2
3

= 2(c0x
2
0 + c1x

2
1), 0 = 2(c0x

3
0 + c1x

3
1).

I Dieses nichtlineare Gleichungssystem hat genau zwei Lösungen:

c0 = c1 = 1
2
, x0 = −1

3

√
3, x1 = 1

3

√
3

c0 = c1 = 1
2
, x0 = 1

3

√
3, x1 = −1

3

√
3

Allgemeiner Fall

I Gauß-Quadratur: Stützstellen und Gewichte N10.5(1)

I Integrationsgebiet N10.5(2)

I Gauß vs. Newton-Cotes N10.6
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